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The spae of ontrative C0-semigroups is a Baire spae
RAJ DAHYA
Abstract. Working over infinite dimensional separable Hilbert spaces, residual results have
been achieved for the space of contractive C0-semigroups under the topology of uniform weak
convergence on compact subsets of R`. Eisner, Ma´trai, Sere´ny, et al. raised in various public-
ations 2008–10 the open problem: Does this space constitute a Baire space? Observing that
the subspace of unitary semigroups is completely metrisable and appealing to known density
results, we solve this problem by showing that certain topological properties can in general be
transferred from dense subspaces to larger spaces.
1. Introduction
Various residuality results for the space of contractive C0-semigroups over a separable, infin-
ite dimensional Hilbert space (under the topology of uniform weak convergence on compact
subsets of R`) as well as for the space of contractions over a separable, infinite dimensional
Hilbert space (under the pw-topology) have been investigated in [ES09], [Eis10], [EM10], etc.
Residuality is only meaningful (viz. not of Ist category), provided the larger topological space
is, for example, a Baire space. The space of contractions under the pw-topology was proved in
[EM10, Proposition 2.7, p. 8], to constitute a Baire space. The case of C0-semigroups, remained
open (cf. [Eis10, Remark 3.4, p. 3]). Our paper shall positively solve the latter problem. We
provide a uniform approach that additionally solves the problem for the space of contractions
under the pw topology (and slightly strengthens [EM10, Proposition 2.7]).
1.1 Spaes of operators and operator-valued funtions. Throughout, fix a separ-
able, infinite dimensional Hilbert space, H. We denote via
UpHq Ď IpHq Ď CpHq Ď LpHq
(from right to left) the spaces of bounded operators, contractions, isometries and unitaries over
H. These can be endowed with the weak-operator topology (wot), the strong-operator topo-
logy (sot), and also the weak-polynomial topology (pw), which is defined via the convergence
condition
Ti
pw
ÝÑ T :ðñ @n P N : T ni
wot
ÝÑ T n
for all nets pTiqi Ď LpHq and all T P LpHq.
We shall also consider the spaces of unitary and contractive C0-semigroups. These can
be viewed as subspaces of C
`
R`, A
˘
, where A can be UpHq or CpHq, topologised with either
the wot- or sot-topology. These spaces of operator-valued functions shall be denoted and
topologised as follows:
Definition 1.1 Denote via Fcs and F
u
s the spaces of sot-continuous contraction- resp. unitary-
valued functions over R`, and via Cs and Us the spaces of sot-continuous contractive resp.
unitary semigroups. Let Fcw, F
u
w, Cw, Uw denote the wot-continuous counterparts.
Definition 1.2 Let KpR`q denote the collection of compact subsets of R`. The topologies
of uniform wot-convergence on compact subsets of R` (short: ℓocwot), resp. of uniform sot-
convergence on compact subsets of R` (short: ℓocsot) are given via the respective convergence
conditions
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Ti
ℓoc-wot
ÝÑ T :ðñ @ξ, η P H : @K P KpR`q : suptPK |〈pTiptq ´ T ptqqξ, η〉| ÝÑ
i
0
Ti
ℓoc-sot
ÝÑ T :ðñ @ξ P H : @K P KpR`q : suptPK }pTiptq ´ T ptqqξ} ÝÑ
i
0
for all nets, pTiqi Ď F
c
w and all T P F
c
w.
Of course we can replace Fcw by any of the subspaces mentioned in Definition 1.1.
Remark 1.3 We may define similar spaces and topologies, replacing R` by N0 (endowed with
the discrete topology). In the case of R` resp. N0, we shall refer the spaces as being defined
over continuous time resp. discrete time. In the case of discrete time, it is easy to see that the
spaces pCpHq,pwq and pCs, ℓocwotq are topologically isomorphic via the map T ÞÑ pT
nqnPN0 .
Thus, studying the space of contractions under the pw-topology is equivalent to studying
the space of discrete-time contractive semigroups. So, operator-valued functions and semig-
roups, viewed as a subspace of these, provide a suitable unified framework for this paper.
Working through the basic definitions of these spaces, one can readily prove the following
properties (see Propositions B.3 and B.5 in the appendix for a proof):
Proposition 1.4 Under both continuous and discrete time, Fcw, F
u
w, and Uw are Polish under
the ℓocwot-topology, and F
c
s , F
u
s , Cs, and Us are Polish under the ℓocsot-topology.
Missing from the above is a classification of the space pCs, ℓocwotq. This topological space
is the subject the main result of this paper:
Theorem 1.5 The spaces of continuous- and discrete-time contractive C0-semigroups are
Baire spaces under the ℓocwot-topology. In particular, pCpHq,pwq is a Baire space.
The recipe for proving this is as follows: (1) Classical dilation theorems allow us to ap-
proximate contractive semigroups via unitary semigroups, thus yielding the density of Us within
pCs, ℓocwotq; (2) We develop a simple method to transfer certain properties, including the prop-
erty of being a Baire space, from dense subspaces to larger spaces.
2. Density results
We shall appeal to the following density results as a crucial step in solving the main problem.
Lemma (Peller, 1981). The subset UpHq is dense in pCpHq,pwq.
Lemma (Kro´l, 2009). All contractive C0-semigroups can be arbitrarily approximated under
the ℓocwot-topology via unitary C0-semigroups.
See [Pel81, Theorem 1, p. 1142] and [Kro´09, Theorem 2.1, p. 370–373] for proofs of these
respective results.
Remark 2.3 It turns out that in both of the above proofs, a key ingredient is the operator
theoretic concept of dilation. So, for the purposes of generalisation (e.g. to multiparameter
semigroups), the approach in this paper might essentially depend on the existence of dilations.
Whilst there exist dilation results for semigroups over R2` (cf. [S l74], [S l82, Theorem 2, p. 193],
and [Pta85, Theorem 2.3, p. 239]), for Rd` with d ą 2, the existence of dilations is limited to
certain semigroups (see e.g. [Pta85, Theorem 3.2, p. 241]).
Placed in terms of the framework in this paper and noting Remark 1.3, the above lemmata
can be more uniformly summarised as follows:
Lemma 2.4 In both discrete- and continuous-time, Us is dense in pCs, ℓocwotq.
3. Inheritance of properties from dense subspaces
In light of the above results, in order solve the main problem, it suffices to develop abstract
methods to transfer properties from dense subsets to larger spaces. We shall achieve this for the
property of being a Baire space, as well as for the stronger condition of being a Choquet space.
2
3.1 Definition of Baire and Choquet spaes via infinite games. The following defin-
itions and results can be found, for example, in [Kec94, §8C–8E, pp. 43–47].
Definition (Choquet Game). For a topological space, X, the Choquet game, GX , is defined
by two players, I and II, alternating and choosing non-empty open sets as follows:
I : U0 U1 U2 ¨ ¨ ¨
II : V0 V1 ¨ ¨ ¨
Such a run of the game is valid, if and only if
U0 Ě V0 Ě U1 Ě V1 Ě . . .
is satisfied. Player I wins such a run, exactly in case
Ş
nPN0
Unp“
Ş
nPN0
Vnq “ ∅. Otherwise
Player II wins. The strong Choquet game, GsX , is defined similarly, except that on their n-th
moves, n P N0, Player I additionally chooses some element xn P Un and Player II must ensure
that xn P Vn holds.
Loosely speaking, in these games, Player II attempts to construct an element or a subclass
of elements, whilst Player I tries to frustrate his efforts by continually demanding the element
or subclass of elements realise more properties. Concretely, these games allow us to characterise
topological concepts. By [Kec94, Theorem 8.11, pp. 43–44], we have:
Theorem (Oxtoby). A topological space, X, is a Baire space if and only if Player I has no
winning strategy in GX .
Obviously, if Player II has a winning strategy in the Choquet game, Player I does not have
one, since the games are zero-sum. This leads to the following strengthening of the concept of
being a Baire space.
Definition. A topological space X is called a (strong) Choquet space if Player II has a winning
strategy in GX (resp. in G
s
X).
It is easy to see, for a topological space, X, that a winning strategy for Player II in GsX can
be transferred to a winning strategy for Player II in GX (and excludes Player I from having a
winning strategy in GX). Hence the following relations hold:
Strong Choquet ùñ Choquet ùñ Baire.
This implication is strict (see [Kec94, 8.13 and 8.14, p. 44–45]). Being Choquet or strong
Choquet characterises further useful topological properties:
Theorem (Choquet). Let X be a separable metrisable space and, fixing a compatible metric,
d on X, let Y be its unique metric completion. Then X is comeagre in Y if and only if X is
Choquet. Furthermore, X is Polish if and only if X is strong Choquet.
3.2 The method of bakwards inheritane. We now develop our own method to transfer
properties from dense subspaces to their overlying spaces.
Definition (Backwards inheritance). Call a property, Φ, for topological subspaces back-
wards inheritable exactly in case for all topological spaces pX, τq, if a dense subset D Ď X
exists, such that pD, τ |Dq satisfies Φ, then pX, τq satisfies Φ.
Example. Let pX, τq be a topological space. Suppose a dense subset D Ď X exists, such
that pD, τ |Dq is separable. So wrt. pD, τ |Dq there exists a countable dense subset D
1 Ď D.
Since density is a transitive property,a D1 is dense in X. Hence X is separable. It follows that
separability is backwards inheritable.
It shall be now shown that the property of being a Baire space as well as that of being a
Choquet space, are backwards inheritable.
a Let U Ď X be non-empty and open. Then, by density, U XD is non-empty and also open in pD, τ |Dq. By density
of D1 in pD, τ |Dq, it follows that U XD
1 “ pU XDq XD1 ‰ ∅.
Lemma 3.7 The property of being a Baire space is backwards inheritable.
Proof. Let pX, τq be a topological space and let D Ď X be dense. Suppose that pD, τ |Dq is a
Baire space. Let Un Ď X, n P N be an arbitrary countable sequence of dense open subsets. It
suffices to show that that
Ş
nPN Un is dense in X.
First note, that if U Ď X is a dense open subset, then clearly U X D is also dense and
open within pD, τ |Dq. Thus, Un X D is a dense open subset in pD, τ |Dq for all n P N. Since
pD, τ |Dq is a Baire space, it follows that C :“ p
Ş
nPN Unq X D “
Ş
nPN Un X D is dense in D.
Since density is transitive, it follows that C and thereby
Ş
nPN Un are dense in pX, τq. Thus X
is a Baire space. 
Lemma 3.8 Being a Choquet space is backwards inheritable.
Proof. Let pX, τq be a topological space and let D Ď X be dense. Suppose that pD, τ |Dq is a
Choquet space. Then Player II has a winning strategy, σ˜, in the game GD. We now construct
from this a strategy for Player II in the game, GX . In an arbitrary play in the game GX , for
each n P N0 and each valid sequence
U0 Ě V0 Ě U1 Ě V1 Ě . . . Ě Un (3.1)
of choices up to Player I’s nth move, define Player II’s nth move as follows:
Step 1. Let U˜i :“ Ui XD and V˜i :“ Vi XD for all i P t0, 1, . . . , nu. By density of D, these are
non-empty, open subsets in pD, τ |Dq, and furthermore, (3.1) implies
U˜0 Ě V˜0 Ě U˜1 Ě V˜1 Ě . . . Ě U˜n
Step 2. Since the sequence s :“ 〈U˜0, V˜0, U˜1, V˜1, . . . , U˜n〉 constitutes a valid sequence of previous
plays of non-empty open sets in D for the game, GD before Player II’s nth move in
that game, let V˜n :“ σ˜psq, i.e. V˜n is Player II’s next move in GD based on the strategy
σ˜. In particular, V˜n is a non-empty, open set in pD, τ |Dq and (i) V˜n Ď U˜n, by validity
of the strategy σ˜.
Step 3. Since V˜n is open in D, an open set W Ď X exists, such that (ii) W XD “ V˜n. Set
Vn :“ W X Un, which again is open. Since Un Ě U˜n
(i)
Ě V˜n, by (ii) we have Vn Ě V˜n.
Thus V˜n Ď Vn XD ĎW XD “ V˜n, so
Vn XD “ V˜n “ σp〈U˜0, V˜0, U˜1, V˜1, . . . , U˜n〉q
holds. In particular, Vn is a non-empty, open subset, contained in Un, and thus a valid
nth move for Player II in the game GX based on the sequence in (3.1).
It is now routine to check that σ comprises a winning strategy for Player II in GX . By
definition, this means that X is Choquet. 
Remark. Being strong Choquet (” Polish, by Choquet’s theorem) is not backwards inheritable:
Consider, e.g., X :“ DYt1uˆQ, where D :“ r0, 1qˆR. Clearly, D is dense in X and Polish. If
X were Polish, then since t1u ˆQ “ X X pt1u ˆRq is a Gδ subset of X, it too would be Polish
(cf. Lemma A.1). Yet Q – t1u ˆQ is not even a Baire space.
4. Main Result
We may now prove Theorem 1.5.
Proof (of Theorem 1.5). By Proposition 1.4, the subspace pUs, ℓocwotq is completely met-
risable, and thus in particular a Choquet space and a Baire space. As per Lemma 2.4, Us is
dense in pCs, ℓocwotq. By backwards inheritance (Lemmata 3.7 and 3.8), it follows that the larger
space, pCs, ℓocwotq, is also a Choquet space and a Baire space. 
Finally, we provide an immediate application of our result to the space of continuous-time
C0-semigroups. Eisner and Sere´ny, derived the following results:
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Definition. Call a semigroup, T P Cs, weakly stable if for all ξ, η P H it holds that
〈T ptqξ, η〉 ÝÑ 0 as t ÝÑ8. Call a semigroup, T P Cs, almost weakly stable if for all ξ, η P H
some measurable set, A Ď R` with asymptotic density 1
b exists, such that 〈T ptqξ, η〉 ÝÑ 0 as
t ÝÑ 8 in A.
Theorem (Eisner-Sere´ny, 2009). The subset of semigroups, tT P Us | T weakly stableu, is
I
st category in pUs, ℓocwotq. The subset of semigroups, tT P Us | T almost weakly stableu, is a
dense Gδ-subset of (and thus residual in) pUs, ℓocwotq.
Refer to [ES09, Theorem 2.5, pp. 4–5] for the proof. In the same paper, similar results were
proved for the subspace of isometry-valued semigroups and in §4, pp. 6–7 the authors remark:
It is not clear how to prove an analogue to [the residuality theorems for stability
properties] for contractive semigroups.
It is further remarked, that the Baire category theorem (BCT) might not even apply to the
space of contractive semigroups.
By our main result, we now know that in fact the BCT is applicable. Towards the former
issue, consider the spaces Us Ď Cs Ď F
c
w under the ℓocwot-topology. Since pUs, ℓocwotq and
pFcw, ℓocwotq are Polish (cf. Propositions B.3 and B.5), by Alexandroff’s Lemma (cf. Lemma A.1)
Us is a Gδ-subset in pF
c
w, ℓocwotq and thus also in the subspace, pCs, ℓocwotq. By Kro´l’s density
result for continuous time, Us is dense and thereby comeagre in pCs, ℓocwotq. Since by our main
result, the latter is a Baire space, it follows that wrt. the ℓocwot-topology,
tT P Us | ΦpT qu is residual in Us ðñ tT P Cs | ΦpT qu is residual in Cs
for any operator-theoretic property, Φp¨q. In particular, results analogous to [ES09, Theorem 2.5]
do indeed hold for contractive C0-semigroups. That is, wrt. the ℓocwot-topology almost every
contractive C0-semigroup is simultaneously almost weakly stable and not weakly stable.
Aknowledgement. The author is grateful to Tanja Eisner for her encouragement to look
into this problem.
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Appendix A. Metrisability proofs for operator spaces
Lemma A.1 (Alexandroff’s lemma). LetX be a completely metrisable space. Then A Ď X
viewed with the relative topology is completely metrisable if and only if it is a Gδ-subset of X.
See [AB05, Lemmata 3.33–34, p. 88] or [Kec94, Theorem 3.11, p. 17] for a proof. An
immediate application of Alexandroff’s lemma is the following tool for product spaces, a proof
of which can be found in [AB05, Theorems 3.36–38, p 89–90].
Proposition A.2 Let I be a non-empty countable index set, Xi be completely metrisable
spaces, and ∅ ‰ Ai Ď Xi for i P I. Then
ś
iPI Ai is separable within (resp. a Gδ-subset
of)
ś
iPI Xi if and only if each Ai is separable within (resp. a Gδ-subset of) Xi for all i P I.
Consequently
ś
iPI Ai is Polish if and only if each Ai is Polish.
Consider now our separable, infinite dimensional Hilbert space, H. The following results
are well-known (see e.g. [Kec94, §9.B 6, p. 59]). We simply present here a sketch of their proofs.
Proposition A.3 The spaces pCpHq, sotq and pCpHq,wotq are Polish (resp. compact Polish).
Proof (Sketch). First fix any non-empty, countable set (e.g. an orthonormal basis)
D Ď B1pHq, which generates a dense subspace. Consider the following maps:
θs : pCpHq, sotq ÝÑ
ź
ePD
B1pHq
T ÞÑ pTeqePD,
θw : pCpHq,wotq ÝÑ
ź
DˆD
D1
T ÞÑ p〈Te, e1〉qpe,e1qPDˆD,
where D1 :“ tz P C | |z| ď 1u. By Proposition A.2 and countability of D, the product spaces on
the right are Polish (resp. compact Polish). So to prove the claim, it suffices to show that both
of these maps are homeomorphic embeddings to closed subspaces. Continuity of these maps
follows immediately from the definitions of the sot- and wot-topologies. Since D generates
a dense subspace, it is clear that the maps are injective, and since furthermore the operators
are uniformly bounded, it is easy to see that the maps are bicontinuous. To show that the
respective images are closed, one considers in each case an arbitrary element, a, in the closure,
and, appealing to the Riesz-Representation theorem for Hilbert spaces, reconstructs an operator,
T , such that θspT q “ a (resp. θwpT q “ a). 
Proposition A.4 On IpHq and hence also on UpHq, the sot-, wot-, and pw-topologies co-
incide. The subspace of isometries is closed and hence separable and completely metrisable (”
Polish) within pCpHq, sotq. The subspace of unitaries is a Gδ-subset within pIpHq,wotq, and
thus under the sot ” wot ” pw-topologies constitutes a Polish space.
Proof (Sketch). For equality of the wot- and sot-topologies, see e.g. [Eis10, Lemma 3.2,
p. 2]. Now, consider any net pTiqi Ď UpHq and any IpHq. Since operator multiplication is
sot-continuous for uniformly bounded operators, we have Ti
sot
ÝÑ T implies T ni
sot
ÝÑ T n for all
n P N, which implies T ni
wot
ÝÑ T n for all n P N, which implies Ti
wot
ÝÑ T , and which finally implies
Ti
sot
ÝÑ T by the above explanation. The arguments in [Eis10, Therem 2.2 and Theorem 3.3,
pp. 2–3] yield the final claims. 
Appendix B. Uniform convergence on compact subsets
A common framework for the topologies defined in Definition 1.2 is as follows. Consider a
locally compact Polish space, X and a Polish space Y . Denote with KpXq the collection
tK Ď X | K compactu.
Definition B.1 The topology of uniform convergence on compact subsets of X (short: the
ℓoc-topology) on C
`
X, Y
˘
, is defined by the convergence condition
6
f piq
ℓoc
ÝÑ f :ðñ @K P KpXq : f piq|K ÝÑ f |K uniformly in C
`
K, Y
˘
for all nets, pf piqqi Ď C
`
X, Y
˘
, and f P C
`
X, Y
˘
.
Now, since Y is Polish, there exists a complete compatible metric, d, on Y . And since X is
Polish and locally compact, one can find a countable collection K˜ Ď KpXq, such that tK˝ | K P
K˜u is an open cover of X (e.g. in the case of X “ R`, one may set K˜ :“ tr0, ns | n P Nu, and in
the case of X “ N0, one can set K˜ :“ ttnu | n P N0u). Letting pKnqnPN be an enumeration of
K˜, it is straightforward to see that
d˚pf, gq :“
ÿ
nPN
mint2´n, sup
tPKn
dpfptq, gptqqu, for f, g P C
`
X, Y
˘
defines a complete compatible metric for pC
`
X, Y
˘
, ℓocq. Moreover, it is straightforward to see
this topology is separable. Thus we have:
Proposition B.2 Let X be a locally compact Polish space and Y be Polish. Then
pC
`
X, Y
˘
, ℓocq is Polish.
Now, to deal with the spaces in Definition 1.1, we concretely replace X by either R` or N0,
and Y by the spaces of contractions or unitaries, viewed under the wot- or sot-topologies. It
is now a straightforward task to verify that the ℓocwot- resp. ℓocsot-topology (cf. Definition 1.2)
and the ℓoc-topology (cf. Definition B.1) coincide on these spaces. Thus, by Propositions A.3,
A.4, and B.2 we immediately obtain:
Proposition B.3 In both continuous and discrete time, pFcw, ℓocwotq, pF
u
w, ℓocwotq, pF
u
s , ℓocsotq,
and pFcs , ℓocsotq, are Polish spaces.
Since the wot- and sot-topology coincide on UpHq (cf. Proposition A.4), and since the
ℓoc-topology depends only on the topologies of the underlying spaces, it follows that
Proposition B.4 In both continuous and discrete time, pFuw, ℓocwotq “ pF
u
s , ℓocsotq.
Finally, we consider the subspaces of semigroups.
Proposition B.5 In both continuous and discrete time, pUw, ℓocwotq “ pUs, ℓocsotq. Moreover,
pCs, ℓocsotq and pUs, ℓocsotq are Polish spaces.
Proof. By Proposition B.4 the wot-continuous and sot-continuous unitary semigroups coin-
cide as sets. Further, by Proposition A.4 the ℓocsot- and ℓocwot-topologies coincide on these
subspaces. Hence the first claim holds.
Since by Proposition B.3, pFcs , ℓocsotq and pF
u
s , ℓocsotq are Polish, and since Us “ Cs X F
u
s
and Fus Ď F
c
s , to prove the final claims, it suffices to prove that Cs is closed within pF
c
s , ℓocsotq.
Now, by definition
Cs “ tT P F
c
s | T p0q “ I and @s, t PM : T ps` tq “ T psqT ptqu,
where M denotes either R` or N0, depending on whether we are working with continuous or
discrete time. To show that this is a closed subset of Fcs , consider an arbitrary net, pTiqi Ď Cs,
with Ti
ℓoc-sot
ÝÑ T for some T P Fcs . We need to show that T P Cs. Now, for each t P M , since
ttu Ď M is compact, the definition of uniform convergence on compact subsets immediately
yields that Tiptq
sot
ÝÑ T ptq. Hence T p0q “ ℓimi Tip0q “ I. Since operator-multiplication is sot-
continuous on norm-bounded subsets, and since Ti and T are uniformly bounded, it follows that
Tips` tq “ TipsqTiptq
sot
ÝÑ T psqT ptq and Tips` tq
sot
ÝÑ T ps` tq, and hence T ps ` tq “ T psqT ptq
for all s, t PM . Thus T P Cs, which proves that Cs is a closed subset of F
c
s . 
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